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Abstract 

^ , We study the semi-infinite or BRST cohomology of affine Lie algebras in detail. This 

D . cohomology is relevant in the BRST approach to gauged WZNW models. Our main 



result is to prove necessary and sufficient conditions on ghost numbers and weights 
for non-trivial elements in the cohomology. In particular we prove the existence of 
an infinite sequence of elements in the cohomology for non-zero ghost numbers. This 
will imply that the BRST approach to topological WZNW model admits many more 
states than a conventional coset construction. This conclusion also applies to some 
non-top ological models. 

Our work will also contain results on the structure of Verma modules over affine 
Lie algebras. In particular, we generalize the results of Verma and Bernstein-Gel'fand- 
Gel'fand, for finite dimensional Lie algebras, on the structure and multiplicities of 
Verma modules. 

The present work gives the theoretical basis of the explicit construction of the 
elements in cohomology presented previously. Our analysis proves and makes use 
of the close relationship between highest weight null-vectors and elements of the 
cohomology. 
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1 Introduction and summary of results 



The present work studies the semi-infinite or BRST cohomology of affine Lie alge- 
bras. The motivation comes from the quantization of Wess-Zumino-Novikov-Witten 
(WZNW) models. These models play an essential part in the understanding and clas- 
sification of conformal field theories. The BRST symmetry arises as a consequence 
of the gauging of a WZNW model w.r.t. a subgroup The constraints associated 
with this BRST symmetry are the generators of an affine Lie algebra g' = Qk ® Qj^- 
Here and gj^ correspond to the same finite dimensional Lie algebra, but have dif- 
ferent central elements k and k = —k — 2cg (see section 2 for notation). The latter 
affine Lie algebra corresponds to an auxiliary, and in general non-unitary, WZNW 
model that arose in the derivation in The physical states in the gauged WZNW 
model are now given by the non-trivial elements of the resulting BRST cohomology. 
In Q it was proved that the BRST approach was equivalent to the conventional 
coset construction, so that the states were ghost-free and satisfied the usual highest 
weight conditions w.r.t. the subalgebra gk- The conditions for this proof was that 
one selected a specific range of representations for the auxiliary WZNW model. For 
the original ungauged WZNW model the range of representations were assumed to 
be the integrable ones. 

In this work we will consider completely general highest weight representations 
(an analagous treatment may be given for lowest weight representions) . The moti- 
vation for this is that it may be that a more general situation than in ref.Q is the 
physically relevant one. Our analysis of the cohomology is most straightforwardly 
applied to the case when the gauged subgroup coincides with the original group i.e. 
when we have a topological WZNW model. But, as we will show, it also generalizes 
to the most important class of non-topological models, namely those in which the 
ungauged WZNW model is unitary. 

In Q the explicit construction of elements in the BRST cohomology was con- 
sidered. The procedure presented there for obtaining these elements showed that 
they were intimitely related to certain null- vectors. The key to the construction was 
to make a selection of null-vectors that generated the states in the cohomology. It 
turned out that these null-vectors are the highest weight vectors. Then by using 
the explicit form of highest weight null-vectors given by Malikov, Feigin and Fuchs 
[P, the elements may be constructed. Our work here may be seen as the theoretical 
basis of this construction. We will here prove that the procedure in Q will always 
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generate non-trivial states in the cohomology. We will also prove that the ghost 
numbers that appeared in the construction are the only possible ones. The ghost 
numbers will be uniquely determined by the representations of the algebras involved, 
and for fixed representations only one value (and its negative) will occur. It is still 
an open question whether the construction provides all the possible states. We also 
lack a general result on the dimensionality of the cohomology. 

The plan of the paper and its main results are the following. In section 2 we give 
basic definition and facts for affine algebras and associated modules. In section 3 we 
discuss the structure of Verma modules. This is important since our analysis of the 
cohomology relies very heavily on this structure, in particular, on the embeddings 
of Verma modules into Verma modules. We make extensive use of a technique due 
to Jantzen |p to perturb the highest weight of a reducible Verma module to obtain 
an irreducible one. This perturbation gives also a filtration of modules in a given 
Verma module. Section 3 contains results on the structure of Verma modules, which 
we have been unable to find in the literature. The main results are Theorem 3.10 
and Theorem 3.11. These are generalizations of results of Verma [^] and Bernstein, 
Gel'fand and Gel'fand |11], respectively, for finite dimensional Lie algebras and of 
Rocha-Caridi and Wallach for affine Lie algebras with highest weights on Weyl orbits 
through dominant weights. The proof of Theorem 3.11 is almost identical to the proof 
of the finite dimensional case given in |14|, Theorem 7.7.7 (which is used also in Q]). 
The proof of Theorem 3.10 only partly coincides with [^, as the latter does not 
extend to the case of antidominant weights. 

In section 4 we proceed to introduce the BRST formalism. Most of the material 
(except Lemma 4.2) is well-known. In particular, we recapitulate a theorem due to 
Kugo and Ojima 0. This theorem will partly be used in the main section, section 
5. It is also conceptually important in understanding the basic mechanism behind 
the appearance of elements in the BRST cohomology for non-zero ghost numbers, 
which we now explain. The theorem, which applies only to irreducible modules, 
states that elements in the cohomology form either singlet or doublet (singlet pair) 
representations w.r.t the BRST algebra. Furthermore, elements that are trivial or 
outside the cohomology form so-called quartets in the terminology of ||^] i.e. sets 
four states, in which two of the elements are BRST exact. In order to obtain an 
irreducible module, we use a trick due to Jantzen, to perturb a reducible module 
into an irreducible one. In the irreducible case one may prove (Corollary 5.2), that 
only ghost-free highest weight states are BRST non-trivial. As the perturbation 
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is taken to zero and the module becomes reducible, certain quartets will evolve 
into singlet pairs in the following way. Two of states of the quartet will remain 
in the irreducible module and will then form a singlet pair in this module. The 
two other states will become null-states. One of the main results in this paper 
(Theorem 5.12) is the determination of the relevant null-states. This theorem gives 
the necessary and sufficient conditions on the null-states to be part of a quartet, that 
will contain a singlet pair as the perturbation is set to zero. The implications of 
the theorem is exploited in Theorems 5.14 and 5.15, which give the necessary and 
sufficient conditions on the ghost-numbers and weights for which the cohomology is 
non-trivial. In particular in Theorem 5.15 a sequence of non-trivial BRST invariant 
states is proved to exist. This sequence is exactly the one for which the construction 
has been given in The ghost numbers appearing are ±p, where p = l{X) — l{X) and 
^(A) is the length of a Weyl transformation associated with A (see section 3). This 
means that for given highest weights A and A of the original and auxiliary sectors, 
\p\ is fixed to exactly one value. By Theorem 5.14 these ghost numbers and weights 
are the only non-trivial ones. 

Let us also address the question of how the embedding of g into a larger algebra 
may affect our results. As our approach relies on the use of null-vectors, the crucial 
question is what happens to the relevant null-vectors as g is embedded. If the null- 
vector w.r.t. g will cease to be null in the larger algebra, then the entire quartet, to 
which the vector belongs for non-zero perturbation, will remain a quartet as Jantzen's 
perturbation is set to zero. Thus the corresponding elements in the cohomology of 
g will now be exact. In addition, many more elements may disappear from the 
cohomology group. This is most evident from the construction in j^, where one used 
non-trivial states at ghost number p — 1 (^j > 0) to construct a BRST non-trivial 
element of ghost number p. In the extreme case the module over the larger algebra 
is irreducible and all elements, except the one at zero ghost number, will disappear. 

There is one case in which the embedding will be straightforward. This will 
happen when we select integrable representations of the larger algebra. In this case 
it is known that the irreducible module over the larger algebra is completely 
reducible w.r.t. to any subalgebra. Hence, the results given here generalize directly. 
This was the situation analyzed in [^. Corollary 5.11 proves that the solutions given 
in for a selected range of representations of the auxiliary sector, are in fact the 
unique solutions for zero ghost number for any selection of representations of the 
auxiliary sector. 
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The existence of extra elements in the cohomology, which have non-zero ghost 
numbers, imphes that the BRST approach to WZNW models is different from the 
conventional coset approach. This applies to the topological case, but also to the 
non-top ological case, at least when we take integrable representations of the original 
algebra. The role of these extra states is at this point unclear. It may be that their 
appearance will lead to inconsistencies. One may avoid the states by selecting an 
appropriate range of representations for the auxiliary sector. Then only ghost free 
states will appear in the cohomology. This was the situation treated in ref [||. It 
may on the other hand be that the extra states are a new and important part of the 
quantization of WZNW models. In the latter case one may expect that the extra 
states will be needed to ensure S-matrix unitarity and hence will appear as poles in 
scattering amplitudes. 

2 Preliminaries 

Let g be a simple finite dimensional Lie algebra of rank r. We denote by the 
corresponding affine Lie algebra of level k. The set of roots of g and g are a £ A and 
a £ A, respectively. The highest root of g is denoted tp and its length is taken to be 
one. The restriction to positive roots are denoted by A^, and to simple roots by 
A'^, A*. The weight and root lattices of g and g are denoted by f^,f.r,r^ and F^. 
r+ is the lattice generated by positive roots. Let r+ be the set of dominant weights, 
r+ = {A G I ai-X > for at £ A'}. Let = {A^ G F+ | ^ = % for aj G A^} 
be the set of fundamental weights. Here Aj • aj denotes the invariant scalar product 
on g and (oj)^ = Oj ■ aj. Define p as twice the sum of fundamental weights of g. p 
is the corresponding sum for g. p satisfies p ■ ai = {a-if', ai G A''. We define the set 
of antidominant weights F^ = {A G F^|aj • (A -|- p/2) < for Oi G A'^}. A weight 
p G F^ is said to be singular if it is orthogonal to at least one positive root and is 
said to be regular otherwise. 

The Weyl group of 5 is the set of transformations on F^; generated by the 
simple reflections 

ai{X) = X-^^ai aiGA^ (2.1) 

The length l{w) of w G is the minimal number of simple reflections that give w. 
We also define the /o— centered reflections o"f (A) = a{X + p/2) — p/2. Similarly we 
write wf{X) for a general p-centered Weyl transformation. We define an ordering 
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between weights. Let ^ Tyj be such that — v ^ . Wc then write > u. If 
H — u a r^/{0}, then this is denoted hy > u. Two weights A and ^ are said to be 
on the same Weyl orbit if there exists w such that ^ = w{\). Similarly, they 
are said to be on the same p-centered Weyl orbit if /x = wP{\). 

We make a triangular decomposition of 5, 5 = n_ © /i © n+. We will use the 
notation for the generators of n+, for those of n_ and hi, i = l,...,r + 2 
for the generators of the Cartan subalgebra h. hi, i = 2, . . . ,r + 1 span h, hi 
is a central element of g with eigenvalue k/2 and ho is a derivation. We have a 
corresponding decomposition oiU{g), the universal enveloping algebra of g, as U{g) = 
U{n_) ®U(h) ^U{n+). 

Let M(A) denote the highest weight Verma module over g of highest weight A. 
The module is generated by a highest weight primary vector vq\ satisfying 

e-aVox = 

hiVox = XiVox hi e h. (2.2) 
M(A) admits a weight decomposition 

M(A) = M,(A). 

Vectors in M^{X) will be called weight vectors of degree v and their weights differ 
from the highest weight by u. We consider throughout only vectors v G M^(A) with 
dimM^(A) < 00. The dimension of M,^{\) is P{v), which is the number of ways v may 
be written as a linear combination of positive roots with non-negative coefficients. Let 
M'(A) be the proper maximal submodule of M(A). Then M(A)/M'(A) is irreducible 
and isomorphic to the unique irreducible 5— module L{\). 

Define a Hermitean form (..|..) as the mapping from M(A) x M(A) to the complex 
numbers by 

{wx\uvx) = {u'wxlvx), (2.3) 

where u eU{g) and ( )''' denotes the Hermite conjugation defined by e]^ = fa, fa = 
Cq, h\ = hi- For Vr^,Wij, G M^(A) we clearly have ('u;^|w^) = for 77 7^ /i. If = /x, 
then F{\)jj = (lu^l-y^) may be viewed as a Pir)) x P{i]) matrix, whose entries are 
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polynomials in A. The determinant of i^(A)^ is given by the Kac-Kazhdan formula 



det F{X\ 



const. Y\_ n 

«GA+ n=l 



n 



iX + p/2)-a-ja^ 



- Piji—na) 



(2.4) 



where roots a G A"*" are taken with their multiplicities and P{rj) = if r/ ^ r+. The 
zeros of the determinant are associated with highest weight vectors that occur in 
M(A) (see the following section). From eg. ( p. 4]) one may infer that ji = X — na, which 
implies that the Verma module M{p) is a submodule of M(A). M(A) is irreducible 
if and only if there does not exist n ^ Z and a € such that 

n 



(A + p/2) ■a--a^ 



0. 



(2.5) 



Notice that this equation will for any imaginary root a (i.e. = 0) be equivalent to 



the condition k 
oig. 



Cq, where Cg is the quadratic Casimir of the adjoint representation 



3 Structure of embeddings of Verma modules 

If the Kac-Kazhdan equation (|2.5[) has non-trivial solutions for a given module M(A), 
then there will exist Verma modules M{^) that are submodules of M(A). This implies 
the existence of a (7-homomorphism, E Hom^ (M(//), M(A)), such that M{fi) 
M(A). We will in this section and throughout the rest of this paper assume k / —Cg, 
so that solutions to eq. (|2.5|) only occur for real roots a. The structure of embeddings 
is most clearly depicted through a filtration due to Jantzen [||. Introduce z = 
^^gp/ zxX, where zx are non-zero complex numbers. Consider the one-parameter 
family of weights A^ = A -|- ez. If A is a weight of a reducible module M(A) or M*(A) 
and Zi 0, then for < |e| ^ 1, M(Ae) and M*(Ae) are irreducible. We now define 
a filtration 

M(Ae) D mW(A,) D m(2)(A,) d ... (3.1) 

by 

M(")(Ae) = {v£ M(Ae) I {w*\v) is divisable by e" for any w* G M*(Ae)} . (3.2) 

We will often write for M{X^) etc. for M^^\ If t; = uvqx,u G l^{g), then we write 
Vf: = uvqXc- In the dual case one may define a corresponding filtration. In the limit 
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e ^ this induces a filtration of modules in M(A) 

M(A) D M(i) (A) D M(2) (A) D . . . (3.3) 

Note that Jantzen's filtration is hereditary: Let M{ii) G M^^\X) and M(z/) G 
MW(/i). Then M(i/) G M(^+*)(A). 

Any irreducible subquotient of a (/-module M(A) is isomorphic to an irreducible 
g-module L{pL)^ X — fj, £ r+. Denote by (M(A) : L{fi)) the multiplicity of L(/u) in 
M(A). M(i)(A) is the maximal proper submodule of M(A) and hence M(A)/M(i)(A) 
is isomorphic to the irreducible module L{X). We will call the vectors in M^^^ null- 
vectors of M(A). We define ttl to be the projection M(A) — ^ L{X). 

The submodules of a given Verma module are generally not all of Verma type. It 
is convinient to introduce the notion of primitive vectors. Let ^ be a g'-module. A 
vector v\ €V is said to be primitive if there exists a submodule U of V such that 

V ^ U, XV £ U for any x £ n+. (3-4) 

A is called a primitive weight. Highest weight vectors are clearly primitive, but in 
general they do not exhaust all primitive vectors, even in the case of finite dimen- 



sional algebras, as was first noted in |11]. In fact, there may be infinitely many more 



primitive vectors than highest weight vectors (see [12| for an example for finite dimen- 
sional algebras). Any module V is generated by its primitive weights as a g-module. 
We will call a module which is generated by acting freely with U{n-) on a primitive 
vector, which is not of highest weight type, a Bernstein-Gel'fand (BG) module. The 
corresponding primitive vector will be called a Bernstein-Gel'fand primitive vector. 



Although every zero in the determinant eq.( |2.4D , i.e. every (a,n) for which the 



Kac-Kazhdan eq.(2^) is satisfied, corresponds to a highest weight vector in M(A) (cf. 
Proposition 3.8), the converse is in general not true. For a given A there are usually 
more highest weight vectors than solutions (a, n). Let IIomg(M(/x), M(A)) ^ for a 
pair (a,n) in eq.( p.5D with a real i.e. /i = A — na, n > 1 and a G n A^, where 
A-^ is the set of real roots. Then we may write 

/i = <(A) < A. (3.5) 



The inequality ensures that a solution to eq.( p.5D exists. In the form eq.( |3.5D it is 
clear that by iteration, we will find new highest weight vectors not given by solutions 
to the Kac-Kazhdan equation for A. It also follows that M(A) is irreducible if and 
only if A is antidominant. Notice that this requires k < —Cg. 
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Let us proceed to give a more precise classification of highest weight vectors in 
M(A) in terms of Weyl transformations. Define the Bruhat ordering on W. Let 
w, w' S W . We write — > to if there exists a S n A^, such that w = aaw' 
and l{w) = l{w') + 1. We write w' < w li there are wq,wi, . . . ,Wp £ W such that 
w' = Wp ^ Wp^i . . . ^ wi ^ wq = w. It may be shown that w' ~< w if and only if 
the reduced expressions w' = Uj^ . . . aj^ and w = . . . a-i^ are such that (ji, . . . ,jp) 
is obtained by deleting q — p elements from (ii, . . . , ig). 

By combining Theorem 4.2 in [^] with eq.(|3.5|) we have the following. 

Theorem 3.1. A Verma module M(A) contains an irreducible subquotient L[^) if 
and only if the following condition is satisfied: 

(*) A = ^, or there exists a sequence of positive roots ai,a2; • • • and 
a sequence of weights A = ^i, /i2, • • • , Aifc, /^fc+i = ^ such that ^j+i = 
< /ij for i = 1,2, . . . , fe. 

Lemma 3.2. Let fi G Tm. Then there exists w (zW and a unique A + p/2 E (k > 
— Cg) or A G r~ (A; < —Cg) such that fi = w^^X) = • • • <^fi (A); where ii, . . . , i„ 

denote the simple roots , . . . , a^^ with 

(**) ^ = A, or ^ / A and . . . < (A) < af^ . . . < (A) (A; > -cg) or 

< • • • < (A) > < • . . < (A) (fe < -eg) , p = 1, 2, . . . , n - 1. 

Proof. Consider k < —Cg. For fi E F~ the lemma is trivial {w = 1). Let ^ = /ii 

F~. Then there exists ai E A* such that rii = (2/Ui + /?) • ai/af £ M = 1, 2, 3, 

This implies that fi2 = (^aiit^i) satisfies ^2 < Let A + p/2 E F~ be such that 
(/i2 — A)^ > (which is always possible, as can be seen by an explicit parametriza- 
tion of the weights). We have (//2 — A)^ = (/ii — A)^ + ni(2A + p) ■ ai and, therefore, 
(/i2 — A)^ < (/ii — A)^. If p2 r~ we can continue this process. We get a sequence 
of weights pi = p2, ■ ■ ■ , Pr with {pp+i - < {pp - Xf and /Up+i = (Jp^^ipp) < Pp, 
p = 1, . . . ,r — 1. This sequence must terminate after a finite number of steps, since 
{pr — A)^ > from {p2 — A)^ > 0. But this can only happen if the last weight pr of 
the sequence satisfies Oj • {2pr + p) < for all Oj E A* i.e. pr GT~. We now prove the 
uniqueness. Assume Wjw' and A, A' E F+ such that p = wP{X) = 'w''^{X'). Then 
A = w~^Pw'P{X'). This implies A = A', as follows by an adaption of |jl^. Lemma 
A in section 13.2, to the present case. The case k > —Cg is proved in a completely 
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analogous fashion. ■ 

Lemma 3.3. Let /i and A be as in Lemma 3.2 and /io = A, = a^^{fio), ^J'2 = 
af^{Hi) , . . . , fin = '^i^iP'Ti-i) = where af^, k = l,2,...,n are simple reflections 
satisfying (**). Then for k > -Cg, RoiUg (M(/Up), M(^p_i)) / 0, = 1,2, . . . ,n and 
for k < -Cg, Uouig {M{fip_i),M{fip)) / 0, p = 1,2,... ,n. 

Proof. The proof is by explicit construction. Consider e.g. k < —Cg and fip = 
af^{fip^i). We take the s/2 subalgebra generated by e^^, fi^ and /ij^ satisfying 
[fip,(^ip] = hip and [hi^Jip] = fip. Let v^^ be the highest weight vector that 
generates M{fj,p) and hi^v^^ = HipV^^. Then it is straightforward to check that 
"W/ip-i = (/ip)^'^'''^^^/ip is a highest weight vector and it will generate a submodule 
isomorphic to M(/Xp_i). Hence, Hom^ (M(/Up_i), M(/Ltp)) 7^ 0. ■ 

By Theorem 3.1, Lemma 3.2 and Lemma 3.3 and we have the following: 

Proposition 3.4. Let /i G r^„. Then there exists a unique A + p/2 e r+ (A; > 
-Cg), or A G (A; < -cg), such that Hom^ (M(^), M(A)) / (A; > -Cg), or 
Homg(M(A),M(/i)) / 0, (A; < -Cg). Furthermore, if G P^ and Hom^ {M{fi),M{u)) / 
0, then 

[dimHomg (M(^), M(A))][dimHomg {M{v),M{X))] / for A; > -Cg or 
[dimHomg (M(A), M(/i))][dimHomg {M{\),M{u))] for fc < -Cg. 



Lemma 3.5. Let \ + p/2 G P+ (A; > -Cg) or A G P^ (A; < -Cg), w e W and 
a G A+ n A^. Then 

(i) a§^w^{X) < ■wP{X) =^ l{aaw) > l{w) for A; > —Cg or l{aaw) < l{w) for A; < — cg. 

(ii) l{aaw) > l{w) for k > —Cg or l{aaw) < l{w) for A; < —Cg (T^w''(A) < w''(A) 



Proof. The proof of (i) is identical to that of Lemma 7.7.2 (ii) in ||T^ (cf Q, Lemma 
8.2). Note that in the proof of Lemma 7.7.2 in [14|, A G P^ is assumed. The weaker 
condition on A, assumed in our case, does not affect (i). We prove (ii) for k > —Cg. 
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We have 

aP^wP{X) = wP{X) - na. 

Here n = g 2 If n < then aP,wP{X) > wP{X). By (i), we get l{aaw) < 

l{w) which is a contradiction. Hence, n = 0, 1, 2, . . . and (ii) follows. The proof for 
k < —Cg is analogous. ■ 



The following two lemmas are direct generalizations of |14], Lemma 7.7.4 and Lemma 
7.7.5 (cf. 1^, Lemma 8.4 and Lemma 8.5). 

Lemma 3.6. Let wi,W2 e VF, 7 G A+ n and a e A**, with 7 7^ a. The following 
conditions are equivalent: 

(i) aaWi wi and aaWi W2 

/■■\ a , f^aif) 

(nj W2 < <7aW2 and Wi < CTaW2- 

Lemma 3.7. Let w G and 7 G A+ n A^ be such that l{w) > l{a^w). Then 
w >- a-yW. 

We proceed to obtain results on the ^-homomorphisms M(i/) M{iJ,). First we 
have the following: 

Proposition 3.8. (cf. Q. Lemma 7.6.11). Let 1/ G r^„,a G A+,^ = aP{u). 
Assume fj.<iy. Then Hom^ {M{^i),M{v)) / 0. 



Proof. The proof is essentially the same as in |14|. The case ^ = v is trivial, so 
we assume fi < v. We consider only > — as the the case k < —Cg is analogous. 
By Lemma 3.2 there exists w £ W and X' + p/2 G r+ such that u = wf{X'). Let 
w = aa„ ■ ■ - CTai be a reduced expression of w in terms of simple reflexions and 

Uo = X', VI = <,(l^o), V2 = CrP^^{vi), . . . ,I/n = <„(z^n-l) = V 
Ho = X, /ii = <,(Mo), = <2(Mi),-- - = <„(^n-l) = 

Then vq = w'P{jjLQ) for some w' £ W (from = w^^P{v) = w^^PaP,{fj.)) and ^0 + 
p/2 G r+, hence pq — vq G r+. On the other hand, Pn — ^n = —ma, m > 0. Since the 
same element of W transforms fi and v into pp and fip, respectively, p = 0, 1, 2, . . . , n, 
Hp is transformed from Vp by a reflexion a^^ (7p G A+), hence Pp — Vp G r+ or 
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i^p — fJ-p ^ r+. Hence, there exists a smallest integer k such that fik — i^k ^ and 
/ifc+i - i^k+i G -r+. Now fif,-uk = (TP^^^{fik+i - z^fc+i)- Since Hk+i - ^k+i is pro- 
portional to 7fc+i, it can be seen that Cq.j._|_j (7^+1) € A^. Hence, 7^+1 = Ofc+i (since 
<^afc+i permutes all positive roots except ak+i)- The relations fik+i — i^k+i £ ~r+ 
and ^fc+i = (Tg^^^(i/fe+i) imply Homg {M {^k+i) , M {vk+i)) / (Lemma 3.3). On 
the other hand M{^k+2) = M {a'^_^_2{fik+i)) so that Hom^j (M(/ife+2), ^(/^fe+i)) / 0. 
Hence, Hom^ (M(/ifc+2), M(aS^^^ (i^fc+i))) =Romy {M{fik+2), M{uk+2)) + 0. Con- 
tinuing this step by step we arrive at Hom^ {M(^),M{i')) 7^ 0. ■ 



As a corollary to this proposition we can generalize results obtained by [15| and |11] 
for finite dimensional Lie algebras. 

Corollary 3.9. A necessary and sufficient condition for M(^) to be a submodule 
of M(z^) is that the condition (*) in Theorem 3.1 is satisfied. 

Note here the following. Firstly, Theorem 3.1 and Corollary 3.9 imply that a BG 
module V{fi) is a submodule of M(A) if and only if (M(A) : L{fj,)) > 2. Secondly, 
if a BG module V{fi) C M{X), then there exists a g-homomorphism (f)vM such that 
V{^i) M(^) C M(A). 

We are now ready to formulate one of the main results of this section namely 
the dimension of the (7-homomorphisms M(/i) — > M{v). This result generalizes the 



result of Verma [15| for finite dimensional Lie algebras and Rocha-Caridi, Wallach 



for representations with highest weights on Weyl orbits through dominant weights. 
Theorem 3.10. Let G T^. Then dimHom^ {M{p,), M{i^)) < 1. 

Proof. We consider the cases k > —Cg and k < —Cg separately. 

k > —Cg-. By Proposition 3.4 it is sufficient to prove that dimHom^ {M{ij),M{\)) < 
1, where fj. = wP{X), X + p/2 £ F^. The proof is then similar to that of Lemma 
8.14, using induction on l(w). We only sketch it. For l{w) = the theorem is trivial. 
Assume it to be true for l(w) < p. Consider l^w) = p. Let i = 1, 2, . . . , n be such that 
crf{n) > /i, where ai are reflections corresponding to simple roots Oj. Then l{aiw) < 
l{w) (Lemma 3.5) and dimHom^ (M(/i), M((7f (^))) 7^ (Proposition 3.7). Consider 
the SI2 subalgebra g-i corresponding to the simple root Oj, i = 1, 2, . . . , n. M((Tf (/u)) is 
the so-called completion of M{fi) w.r.t gi and is unique (|l^. Proposition 3.6, and 
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Proposition 8.11). Then, diniHonig (M(;u), M(A)) = diniHonig (M((Tf (/i)), M(A)). 
By the induction hypothesis dimHonig (M(cjf (^u)), M(A)) = 1. This gives the theo- 
rem in the case k > —Cg. 

k < —Cg-. We will prove the theorem using essentially the original argument of Verma 
Ij^], Theorem 2. By Proposition 3.4 it is sufficient to prove that dimHomc, (M(A), M{fi)) 
< 1, where ^ = w''{X), A E P". As M(A) is irreducible, we can count the number of 
states in M(/i) and M(A) to establish that if dimHom^ {M{X),M{fi)) > 2, then 

P{r]) = dimM^(/i) > 2 dimM^+A-M(^) = 2^(?? + A - /i). 



This is, however, a contradiction |15], Lemma 3, as can be seen by considering large 
r]. ■ 

As Theorem 3.10 shows that an element of Hom^ (M(/x), M(zv)) is either zero or 
unique (up to a multiplicative constant), we write M(/x) C M[u) whenever Hom^ 
{M{^),M{v)) 7^ 0. We next generalize a result established for finite dimensional Lie 
algebras ||l^ and for k > —Cg in 

Theorem 3.11. Let e P^. Then there exist w,w' eW and A + p/2, A' + p/2 G 
P+ (A; > —Cg), or A, A' € P^ {k < —Cg) such that p = ■w''{X') and v = w'p{X). 

For k > —Cg we have: 

(i) M(/i) C M{u) <w', X = X' ^ {M{u) : L{p)) ^ 

(ii) If M{pL) C M(z/), fi ^ V, then there are p = /xq, /ii, . . . , /in = such that 
/Xj+i = (A), i = 0, 1, . . . n — 1 with /(tUj+i) = l{wi) — 1, wq = w, Wn = w' and 

M(/io) C M{pi) C M{p2) C...C M{fin)- 



For k < —Cg we have: 

(iii) M{fi) C M{u) ^w, X = X' ^ {M{v) : L{p)) / 

(iv) If M{fi) C Mi^v), ^ V, then there are p = po, pi, . . . , pn = such that 
/ij+i = (A), z = 0, 1, . . . n — 1 with l{wi+i) = l{wi) + 1, = w-, Wn = w' and 

M{po) C M{pi) C M{fi2) C ... C M{pn)- 

Proof. (cf jl^ and |p) Consider k < —Cg. The existence of w, w' follows from Lemma 
3.2. By Theorem 3.1 and Corollary 3.9 we have M{n) C M(i/) (M(i/) : L{n)) ^ 
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0. AssumeM(/x) C M(z/). By Corollary 3.9 there exist 71, ... ,7^ G A"*" such that 

^l = wf{X) < aP,wf{X) <...< . . . <«;''(A) = w'^{X'). 

Then A = A' (Lemma 3.2) and by Lemma 3.5 we have l{w) < l{a^^w) < ... < l{w'). 
Hence, w ~<w' (Lemma 3.7). 

We now assume w' -< w, A = A'. Then there exist 71, . . . , 7^ G A"*" such that 

71 72 7n-l 7n / 
W = Wo ^ Wl > W2 - ■ ■ ^ Wn-l * Wn = W . 

By Lemma 3.5 we have /x = Wq{X) < w^{X) < . . . < w^{X) = v and, hence, 

M(w;g(A)) C M{w{{X)) C...C M«(A)) 

(Proposition 3.8). This proves (iii) and (iv). The cases (i) and (ii) are proved 
analagously. ■ 

It is convinient to introduce the concept of length of a weight. Let fi G T^. Then 
we define the length /(^u) as the smallest integer l{w) such that fi = w^{X), w G W, 
A + p/2 G or A G r~. We now prove some useful results involving this concept. 
First we have a result similar to Lemma 3.5. 

Lemma 3.12. Let X + p/2 e r+ {k > -Cg) or X e T~ {k < -Cg), w e W and 
a G A+ n A^. The following conditions are equivalent 

(i) aPwP{X) < wP{X) 

(ii) I {aPwP{X)) > I iwP{X)) for k > -Cg, or I ((t>''(A)) < / {wP{X)) for k < -Cg. 

Proof. We prove (i)^' (ii) for the case k > —Cg. Let w''^{X) = a^wP{X) with 
l{w') = l{aP^wP{X)). We have 

aP^w'P{X) = wP{X) > aPwP{X) = w'p{X). 

and, thus, l{w) = l{aaw') < l{w') (Lemma 3.5). By definition, l{w) > l{w''{X)) and, 
hence, 

liw''{X))<liw') = liaP^wPiX)). 

The case k < —Cg is proved analogously. 

We now prove (ii) (i) for k > —Cg. We have 

a>^(A) = wf{X) - na. 
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Here n = '^^J+P)-'^ ^Z. n = implies cj>^(A) = wP{\) and thus l{aP^wP{\)) = 
l{wP{X)). This contradicts (ii) and, therefore, we have n 7^ 0. If n < then 
aPwP{X) > wP{X). By the impUcation (i) =^ (ii), we again contradict (ii). Hence, 
n = 1, 2, . . . and (i) follows. The proof for k < —Cg is analogous. ■ 

We may easily generalize Proposition 7.6.8, to obtain: 

Lemma 3.13. Let X + p/2 G r+ {k > —Cg) or A S T" (A: < —Cg) and w = aa„ ■ ■ ■ CTai 
be a reduced decomposition of w & W, where ai,...,a„ G A*. Let Aq = A, 
■^1 = Kii^o), A2 = <2(Ai), . . . , A„ = aP^{Xn-i). Then for k > -Cg 

Ao > Ai > . . . > A„ and a^+i • (Ai + p/2) G {0, 1, 2 . . .} 

and for k < —Cg 

Ao < Ai < . . . < A„ and a^+i • (A^ + p/2) G {0, -1, -2 . . .} 

Lemma 3.14. Let X + p/2 G r+ {k > -Cg) or A G T" (/c < -c^). Let G T^ 
with ^ = wP{X), w gW. If /(/i) = l{w), then w,X,fi satisfy (**) in Lemma 3.2 with 
/(/x) = n. In addition, this is the minimal integer n for which (**) is satisfied. 

Proof. Consider k < —Cg. Let w = (Tq,„ . . . with l{w) = l{p). By Lemma 3.13 
we have a sequence 

Ao < Ai < . . . < An and q^+i • (A^ + p/2) G {0, -1, -2, . . .}. 

Assume Aj = Aj+i for some z G {0, 1, 2 . . . , n}. Then clearly w' = aa„ ■ ■ ■ (ya^^iC^ai^-^ ... a, 
satisfies p = w'p{X) and l{w') < l{w). This contradicts the assumption l{p) = l{'w). 
The last assertion follows by the definition of l{p)- k > —Cg is proved analagously. ■ 

Proposition 3.15. Let M{p) C M(z^), where p,iy & r^„. Then l{p) - l{u) = n for 
k > —Cg, or 1(1/) — l{p) = n iov k < —Cg, if and only if n is the largest integer for 
which M{p) C M(")(i/). 

Proof. Consider k < —Cg. By Proposition 3.4 and the hereditary nature of 
Jantzen's filtration it is sufficient to prove the proposition for /(//) = i.e. for 
// G r~ and some given M(i/). We prove the "only if case by induction on Z(zv). 
For /(i/) = the proposition is trivial. Assume it to be true for /(z^) < p — 1 and 
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consider = p. As p > 1 there must exist a G A* such that i'' = (y^i^) < ^- Then 
M{v') C M{v) (Proposition 3.8) and < (Lemma 3.12). \{l{u') < p-1 then 
/(z^) < p, which is a contradiction. Hence, /(i^') = p—1. In addition, Miy') C M'^^\v) 
and M{v') <f_ M(^)(z^). This follows by an exphcit construction of the highest weight 
vector that generates M{i/') (cf. the proof of Lemma 3.3). We now use the induction 
hypothesis on M{iy') together with the hereditary nature of Jantzen's filtration to 
conclude that the proposition holds for = p. 

We prove the "if case. Consider M{fi) C M(p)(z/), /u G T" and use induction on 
p. The case p = is trivial. Assume the assertion to be true for < p < n — 1 and 
consider p = n > 1. Asp>l there must exist a G A* such that i^' = (T^(i^) < 
and M(i/') C M(z^) (Proposition 3.8) with < (Lemma 3.12). By ex- 

plicit construction of the highest weight vector one checks that M{v') C M'^^)(i/) 
and M{y') ^ M'^'^\v). Then the hereditary nature of Jantzen's filtration implies 
M{fj,) C M^^^^^u'), which by the induction hypothesis yields Z(z/') = n — 1. Then 
u' = (jP^v) implies [{v) = n, which concludes the proof. The case k > —Cg is proved 
in a completely analogous fashion. ■ 



Lemma 3.16. (|14|, Lemma 7.7.6; H, Lemma 8.6). Let 'Wi,'W2 G W. The number 



of elements w £ W such that wi ^ w ^ W2 is or 2. 

Lemma 3.17. (cf. |l|]. Lemma 7.7.7 (iii) and g, Lemma 8.15 (iii)) Let M{pi) and 
M(^2) be Verma modules with highest weights /xi and /i2, respectively. Let +p/2 
and /i2 + p/2 be regular. If l{fii) = l{fi2) + 2 {k > Cg) or l{pii) = l{^i2) - 2 {k < Cg), 
then the number of fi such that M(/xi) C M(/x) C M(^2), M{fii) / M{fi) 7^ M(/U2) 
is either or 2. 



Proof. Consider k > —Cg. The definition of and /(/i2) implies together with 
Lemma 3.2 that there exists 'Wi,W2 G such that fii = Wi(A), fj,2 = W2{X), X+p/2 G 
r+ and l{wi) = l{w2) + 2. In addition, fii + p/2 and ^2 + /o/2 regular imply that 
A G r+. Then the number of u- G such that M{w^{X)) C M{wP{X)) C M{w^{X)) 
and M{w1{X)) / M{wP{X)) ^ M{w2{X)) is or 2, as can be seen from combining 
Lemma 3.16 and Theorem 3.11. This proves the assertion of the lemma for k > —Cg. 
The case A; < — Cg is proved analogously. ■ 
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4 The BRST formalism 



Define the algebra g' = Qk ® g-k-2cgi where Cg is the quadratic Casimir of the 
adjoint representation. This algebra is invariant under the exchange k ^ —k — 2cg 
and, consequently, we may restrict to A; > Cg. The singular case k = —Cg will not 
be treated here. We will denote g-j~-2cg by g and the Verma module over g will be 
denoted M(A), where A is its highest weight. Let B^^, B^f , B}i>, Eg and Bgi be bases 
of n^, n'_, h' , g and g' , respectively. The generators e^, fa and hi is a realization of 
Bg and e^, and h'^ a realization of Bg/. Define M'^^ = M(A) (8>-M(A) and similarly 
L' - = L(X) ® L(X). ttl' denotes the projection M' — > L'. 

AA 

We define the anticommuting ghost and antighost operators c{x) and b{x), re- 
spectively, where x G Bgi, with the following properties 

(i) {c(x),6(y)} = 5,t,, (4.1) 
{ii) c\x) = c(xt), b\x) = b{x^) (4.2) 
{iii) b{aix + a2y) = aib{x) + a2b{y) ai, a2 G C. (4.3) 

Here Sx,y = 1 ii x = y and otherwise. Introduce a normalordering 

c{x)b{y) if either x G B^^i or y G -B„/^ 

: c{x)b{y) : = < -b{y)c{x) if either x G B^i^ or y G . (4.4) 

\{c{x)b{y) — b{y)c{x)) otherwise 
Define the BRST operator 

d= c{x'^)x+ Yl <^^)pi^)-\ Yl ■■bi[x,y])c{x^)c{y^) (4.5) 

where p{x) is the component of p corresponding to the element x G B^r . The BRST 
operator has the following two fundamental properties: = and = d. The first 
property implies that = {d, b{x)} = x + p + J2y b{[x,y])c{y^) generates an algebra 
go which is center less. 

Define a ghost module J^^^. It is generated by the ghost operators acting on a 
vacuum vector satisfying 

c{x)vf = b{y)vt = for X G and y G U B^'. (4.6) 

We also define a restricted module JF^'' = {v^^^ G J^^'' \ b{x)v<^^ = for a; G -B^'}. 
The dual !F*^^ of J^^^ has a vacuum vector Vq^^ satisfying 

ct {x)vl'^ = b^ {y)vl'^ = for X G ^ ^ft' and y G B^,^ . (4.7) 
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The restricted dual is P^h = {^*9/i ^ j:*9h [ = for x G 5/,/}. Define a 

Hermitean form for the ghost sector by 

{vT\yt) = 1 

{V*3%v3^) = {v)v*3%3h^^, (4.8) 

for a polynomial u in the ghost operators and v^^ E .7-"^'^, v*^^ G T*^^. If uS''^ = uVq'* 
then we denote by v*^^ the vector u^v^^^. 

The ghost number A^^'^ of any vector v^^ G is defined by N^'^ivf) = and 
NS^ic{x)v) = N9>^{v) + 1, N3^{b{x)v) = N9^{v) - 1. The ghost numbers of vectors 
in the dual module is similarly defined with NS^{v^^^) = 0. It is easily seen that 
{u*\v) = if N9^{u*) + N9'^{v) / 0. Let C{g',V) be the complex V T^h foj. ^ 
5f'-module V. We define the relative subcomplex C{g' , V) = {uj £ C{g' , V) \ h{x)oj = 
0, = for X G Bh'} and (^(g',^*) is the dual complex, li uj = v v^^ for 

V £ V, v^^ G J-^^, then we denote by uj* the vector u (8) v*^'^. We decompose as 

d = d+ ^ (x*°*c(x) +7W(x)6(x)). (4.9) 

We have dco = duj for u; G ^(g', F) and consequently on the relative subcomplex we 
may analyze the cohomology of d in place of d. The cohomology associated with d, the 
semi- infinite or BRST relative cohomology is sometimes denoted by H°°^'^^P(g' , V) 
to distinguish it from the conventional Lie algebra cohomology. We will, however, 
here for simplicity write HP{g',V), where p refers to elements to with Ngh{uj) = p. 
Our primary interest here will be for V = L' -. But in order to gain knowledge of 

A, A 

this case we will also study V = M' - and its submodules. 

A, A 

It will be convinient to make a classification of vectors in the complex C(g', V) 
using the BRST operator. A central result due to Kugo and Ojima Q states the 
following. 

Theorem 4.1. Let V be an irreducible module. Then a basis of C{g'^V) may be 
chosen so that for an element oo in this basis one of the following will be true. 

(i) Singlet case: G H*{g',V) and {uj*\uj) 7^ 0, N^''{uj) = 0. 

(ii) Singlet pair case: to G H*(g',V) and there exists an element ip ^ lv such that 
i; G H*{g',V), (-0*1^) 7^ and N9^{^p) = -N9'^{uj). 

(Hi) Quartet case: to H*{g',V). There will exist four elements wi , u;2 , V'l > "02 £ 
C{g',V), where either tu = lui 01 u = uj2, such that {^pl\uJl) / and {ip2\uj2) 7^ 0, 
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UJ2 = dooi and Vi = dip2 and iV5^(u;i) = Naf'{u;2) - 1 = -iY^'^CV'i) = -iV^^'*(V'2) - 1- 

There will exist an analagous classification on the relative subcomplex C{g', V) w.r.t. 
d. In this classification all non-trivial elements in the cohomology will be singlets 
or singlet pairs. It should be remarked that the condition of irreducibility is es- 
sential for the theorem. In the following section, we will find that for V being a 
reducible Verma module the above classification docs not hold. In particular, the 
non-trivial elements of the cohomology for non-zero ghost numbers will for this case 
not be members of singlet pairs. Define Jantzen's filtration for ^ G C{g',M') as 
follows. Let Xe = X + ez and Xe = X - ez. Then M'(")(Ae) = {v' G M{Xe) 
M{Xe)\ {w'*\v') is divisable by e" for any w'* G M*(Ae) M*(A,)}. We denote by 
the vector (g) (g) v^^. An element is always assumed to be finite as e ^ 0. We 
denote by /(e) ~ e" the leading order of a function /(e) in the limit e ^ 0. Note 
that our definition of Jantzen's filtration for g' implies that Ag + A^ is independent 
of e. This is required if the cohomology should have at least one non-trivial element 
for e 7^ 0, namely the vacuum solution = ^Oe ® ^'Oe ® f'o^- 
In the next section the following result will be needed. 

Lemma 4.2. Let ^u,S,2t G C{g' ,Ml,) be non-zero for e = and d^2t = 9ie)^u, where 
^(e) ^ 1 or e. Let ni and n2 be the largest integers for which G C{g' , M'^'"^^), 
i = 1,2. Then there exist Cie5C2e G C{g',M'^) which are non-zero for e = and 
satisfy 

(i) (CI ^je) ~ e-^Sij ^ for e 7^ 0, z = i = 1, 2. 

(ii) dCie = /(e)C2e, where /(e) ~ 1 or ~ e. 

(iii) ni, n2 are the largest integers for which Q G C{g' , M'^'^*^). 

In addition, for ^(e) ~ 1: ni = n2 if and only if /(e) ~ 1, ni = n2 + 1 if and only if 
/(e) ~ e. For ^(e) ~ e we have: ni = n2 — 1 if and only if /(e) ~ 1, ni = n2 if and 
only if /(e) ~ e. 

Proof. Since Ci,e G C{g',M'e^'''^) for a largest inte ger rii and M'J"^^^ is irreducible 
for < |e| < 1 there must exist one vector Cie e C{g' , Mi''''^^) with (CulCu) ~ e"'- 
Then 

gmUCu) = {Cm2e) = {dClM2e) (4.10) 

implies d(u = /(e)C2e) for some vector ^2e satisfying {Qel^^e) / and which is non- 
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zero for e = 0. In addition, /(e) is a non-singular function of e. From the fact that 
d is Hnear in the generators of g' we can can conclude that /(e) ~ 1 or e. Pick a 
basis of C{g',M^) such that ^i, ^2 are two of its elements. Denote the elements 
of the basis by ^j, i = 1,2,3,... . Similarly we pick a basis of C{g' , M^*), Q^, 
i = 1, 2, 3, . . . . We choose it such that {Qel^je) is non-zero only for i = j. Now since 
((*|^2e) = for f 2 and 6, G C{g' , M'}''^'^) we must have {Q,\i2e) ~ e"^. This in 
turn implies, using (ClelG'e) ~ ^ i'°^ J 7^ 2 and the definition of Jantzen's filtration, 
that C2e G C(5',M,'^"'^). We now conclude from {CiXie) ~ e"S {C2e\C2e) ~ e"^ 
eq. (|4l0|) and /(e) ~ 1 or e that for g{e) ~ 1 we have e"i ~ e"2/(e) ~ e"' or e"2+i, 



while for g{e) ~ e we have e^^ ~ e"^ ^/(£) ~ ^ or ■ 

A standard tool in the analysis of the cohomology is a contracting homotopy 
operator. Let ojq be a vacuum vector of C{g',M') i.e. u>o = v'q ^ v^^, where v'q = 
vq (8) vq and vo,vo are primary highest weight vectors of M and M, respectively. 
Consider an element u € C{g,M') of the form u; = 18) with v' = uvq 
uvo,u € U{n-), u € U{n^) and N^^{v^^) = n. We write u = + ^^m-i + 
. . . -|- no, where Ui € U{n-) is a monomial of order Introduce a gradation A'gr-- 
We define Ngr{ujQ) = 0. Furthermore, Ngr{uj) = m — n. We will get a filtration 
C{g',M') = 07Vgr ^{9' i^')Ngr- We now decompose d as d = do + d-i, where do = 
Z]agA+ ^(6^) fa- We have = dow-l- (lower order terms). Let ujp^q G C{g' , M')p^g-r 
be of the form 

u;p,g = fa,... fa.vo V 5(/^J . . . 6(/^,)c(/;) . . . c(/;.)r;f , (4.11) 

where a, /3,7 G A^. The homotopy operator ko is now defined by 

p 

i=l 

^5 = 0, 

where capped factors are omitted. It is now straightforward to verify 

(do'^o + Kodo)'^p,q = (1 ~ ^p+qfi)^p,q + (lowcr Order terms). (4-13) 

One may also define a gradation Ngr using the elements of lA{n-) in place of hl{nJ). 
We then have a corresponding decomposition d = d^ + d-i with do = Z]aGA+ ^^i^'a) fa 
and a homotopy operator kq. 



71' 

KoWo,g = 0, (4.12) 
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5 The BRST cohomology 



We will now in detail study the semi-infinite relative cohomology associated with 
the BRST operator. The notation follows that of previous sections. We, ^^e, . . . always 
denote elements of C{g' , . . .) that are finite in the limit e — > 0. Our starting point is 
Proposition 5.1 concerning the cohomology of Verma modules. This proposition was 
to our knowledge first given in [^0|, Proposition 2.29. 

Proposition 5.1. Let M' be a highest weight Verma module over g' . Then 
HP{g',M') = for p < 0. 

Proof. (|2|) Let uj E H^^g' , M') and have a highest order term ujn in the gradation 
Ngr. Then = duj = cLquJu + (lower order terms) and hence doujn = to leading 
order. Using eq.( [4.13|) we conclude that a;„ = (io(KoWri) + (lower order terms) and 
as a consequence of this, uj = d^KQUJn) + (lower order terms). Thus u; is a trivial 
element of HP(g' , M') to highest order. This may be iterated to lower orders and we 
find that uj S HP(g' , M') will be non-trivial only for Ngr{uj) < 0, which is impossible 
if N9^iio) < 0. ■ 

Corollary 5.2. (|2|) Let M' in Proposition 5.1 be irreducible. Then H^ig', M') = 
for p 7^ 0. Furthermore, uj € H^{g' , M') is the element uj = vq ® vq ® Vq^, where vq 
and vq are primary highest weight vectors of weights A and A, respectively, satisfying 
A + A + /j = 0. 

Corollary 5.3. Let L' be the irreducible g'-module of M' . Let uo G C{g',M') be 
such that / ttl'{uo) G HP{g',L'), p < 0. Then 

duj = i^, (5.1) 

where G H^^^^ {g' , M'^^^) and is non-zero. 

Proof. (Q) Assume first da; = in C{g',M'). Then Proposition 5.1 implies uj = 
drj, rj G C{g',M'). Since uj G C{g' , M' /M'^^^) we must have t] G (7(5', M'/M'^^)), 
which implies that uj is cohomologically trivial. Therefore, = 7^ and so di' = 0. 
If 1/ HP+^g^M'^^^i), then u = dv' for some u' G C'(g',M'(i)) and d{uj - u') = 0. 
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Proposition 5.1 then implies that is a trivial element of H^{g' ,L'). ■ 



The following lemma is partly the converse of Corollary 5.3. 

Lemma 5.4. Let u e C{g',M'), dw = in C{g',M') with u e HP+\g',M'W) and 
TTL'iuj) + 0, then 7rL/(a;) G HP{g',L'). 

Proof. Firstly, dw = u with u G HP+^{g', M'(^)) implies that dnL'ico) = 0. Secondly, 
assume TrL'{uj) to be trivial i.e. = dir^'iip), G C{g' , M'). Then uj = dip + v' 

in C{g', M'), with u' G C{g' , M'^^^), and so = do; = dv'. This is a contradiction to 
the assumption u e HP+'^{g' , M'^^^). m 

Lemma 5.5. dim(iJP+i(5', M'(i))) = dim {HP{g',L')) for p < -2. 

Proof. Let v e ^*'+^(cj'',M'(^)) with p < -2, then by Proposition 5.1 v = du, 
uj e C{g', M') and 7rL/(a;) ^ 0. Lemma 5.4 then implies itl'{oj) G -ff^(c/', L'). We have 
thus proved that dim(^*'+^(£?', M'^^))) < dim(^*'(c/', L')). We now prove that the 
dimensionalities are in fact the same. Assume two elements wi, ijJ2 G C{g',M') with 
7ri,'(a;i), 7ri'(a;2) € HP{g',L'), corresponding to the same element v. By Corollary 
5.3 we have in C{g',M'): dtoi = vi and di02 = where fi = 1^2 as elements 
in HP^^{g' , M'^^^). Subtracting the equations yields d{LOi — LJ2) = vi — V2 = dv' , 
v' G (7(51', M'(^)), which by Proposition 5.1 implies wi — — z^' = • •)• T^ui^^x) 
and 'Kh'^^i) are therefore identical elements in HP{g' ,L'). ■ 

The results obtained so far are of importance for negative ghost numbers. We now 
turn to results relevant for positive ghost numbers. We will connect the two cases 
by the use of Jantzen's perturbation, Theorem 4.1 and Lemma 4.2. 

Lemma 5.6. Let oj G C{g',M') with 7rL/(u;) G HP{g',L'), satisfying du = v, u e 
C{g',M'^^y). Then: 

(i) There exists V G C{g',M') with ttl'H^) G H-P{g',L') and {ip*\uj) / 0. 

(ii) With ip as in (i): There exists x ^ C{g', M'(^)) of opposite ghost number of u, 
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satisfying dxe = eip^. 

(iii) Xi ^ C{g', M'^^^), where x is defined as in (ii). 

(iv) With as in (i): dip = 0. 

(v) p < 0. 

Proof, (i) follows directly from Theorem 4.1. (ii) and (iii) follow from Theorem 4.1 
and Lemma 4.2 using a; = ^2, i' = and g{e) ^ 1. (iv) follows by applying d to the 
equation dxe = ^ipe, using = and taking the limit e ^ 0. Finally (v) may be 
proved by contradiction. If p > 0, then by (iv) and Corollary 5.3 ip is d— exact and, 
hence, so is a; . ■ 

Lemma 5.7. Let i; G C{g',M'), ttl'W + 0, and x € C(c/', M'(i)) be such that 
dXe = eV'e- Then x G C{g' ,M'^^^ jM'^^'^), tiv{^) G ii^{g\L') and > 0. Conversely, 
let 7rL'(^!^) e i?P(5'', -L'), p > 1, then there exists x e C'(5', M'(^)) such that dxe = eV'e- 

Proof. Assume dxe = eV'e- We apply Lemma 4.2 with = V') '^2 = X and (7(e) e. 
Then ni = 0, n2 > 1 and by the lemma there exist two vectors uj and v such 
that ^ 1, (^^e |Xe) ~ e and = /(e)fe, with /(e) ~ 1 or e. Furthermore 

/(e) ~ 1, since otherwise n\ = n2- This in turn implies n2 = 1, by Lemma 4.2 
(iii), and x, G C{g' , M'^^) jM'^^^). We now show that v is not exact in C{g' , M'(^)). 
Assume the contrary i.e. v = dri with ri e C{g', M'(^ /M'^^)). Then = dr]e + h{ey^, 
where v' G ^(3', M'(i)) and h{e) is a polynomial in e such that ^(0) = 0. This implies 
that oj'^ = oje — /(e)??e satisfies djjj'^ = f{e)h{e)u'^. Now lim£_,.o(We*|V'e) 7^ since u' 
and w differ by an element in C{g' ,M'^^^). This is a contradiction as can be seen 
from 

{J:\^,) = {co':\-Jxe) = {H*\lxe) = {f{e)h{ey:\-^xe) ^0 for e ^ 0. 

Thus u G i^-P+i(5',M'(i)). Lemma 5.4 then gives ttl'{oj) G H~P{g',L'), which 
implies ttl'W G HP{g', L'). The condition p > follows from Corollary 5.3 and the 
fact that dV' = in C{g',M'). 

We now prove the converse statement. Let 'iTLr{ijj) G HP{g',L'), p > 1. Pick 
a basis as in Theorem 4.1 so that i/j is one of its elements and u G C{g',M'), 
TrL'{(^) G H~P{g',L'), ^ 0, is another. Corollary 5.3 implies duj = v and then 

Lemma 5.6 gives the assertion. ■ 

Lemma 5.8 . Let and x G C{g',M') be such that N3'^{tp) > 1, dxe = eV'e and 
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X € C'(5',M'(i)/M'(2)). Then iTL'i^p) € HP{g',L'). 

Proof. By Lemma 5.7 it is sufficient to prove tliat TrL'{i>) 7^ 0. Assume tfie contrary 
i.e. tp G C{g' , M'^^^). Then Lemma 4.2 implies tliat tfiere exist two vectors cj and 
v satisfying diVe = /(e)t'e in C{g',M'), where /(e) ^ e. In addition, ijj^ to, v ^ 
C[g' .M'^'^^M'^'^^) and (cj*|^/;,) - e, {vt\Xe) ~ £• Now N9^{uj) < -1, so that by 
proposition 5.1, uj = duj' for some vector u'. We then have uj^ = duj'^ + h{e)v[ for 
some vector u[, which is non-singular for e = and h{e) is a polynomial of e such 
that /i(0) = 0. This implies dUf. = h{e)di/'^, which by compairing with duj^ = f{e)Ve 
yields /i(e) ~ e and ~ di^'e- Then 

so that {y'*\'^e) ~ 1, which contradicts V' € (7(5', M'^^)). ■ 

Proposition 5.9. HP{g',L') for p > 1 are represented by elements of the form 
V ^ vq ^ v^^, or equivalently of the form vq ^ v ® v^^, where v G L, v G L, vq is a 
primary highest weight vector w.r.t. g, vq is a primary highest weight vector w.r.t. 
g and v^^ satisfies c{x)v^^ = 0, x G n+. 

Proof. Let HP{g' , L'), p > 1 be non-zero. Then by Theorem 4.1 there exists 
UJ € C{g\M') such that t^l'{^) G H-Pig',L'). We have duj = v (Corollary 5.3) 
with u G (7(5', M'(^)). It follows by Lemma 5.6 (iv) that V € C{g',M') with 
TTL'ii^) € HP{g',L'), will satisfy d'i/' = in C{g',M'). We can now use the gra- 
dation Ngr introduced in the previous section to decompose d = do + d-\ and use 
the homotopy operator to successively eliminate highest order terms of in this 
gradation. Since p > 1 we will finally get an element of the form v ®vq® v^^. The 
alternative form is found by using the gradation Ng^. ■ 

Proposition 5.10 . H^{g',M') are represented by elements v(E>vo^Vq^, or equiva- 
lently by the elements vq <i^v ^ Vq^ , where v, and v, vq are highest weight vectors 
w.r.t. g and g, respectively, with vq and vq being primary, and v^^ is the ghost 
vacuum. Furthermore, the weights /i and fx of the primary highest weight vectors vq 
and Vq, respectively, satisfy ^ + jl + p = Q. 

Proof. Let ip G H°{g',M'). Then dip = and we can use the gradation Ngr 
and the homotopy operator as in the proof of Proposition 5.9 to conclude that since 
N3^{ip) = we must have ip = v'S>vo^Vq^. By using the gradation A^^^ we get the al- 
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ternative form. The condition on the weights is a consequence of h!'''^{v^v®VQ ) = 0. 
■ 

Corollary 5.11 . H^{g' , L') are represented by elements of the form vq®vq® Vq^. 
Furthermore, the weights /x and p, of the primary highest weight vectors vq and vq, 
respectively, satisfy /x + /x + p = 0. 

Proof. Let V e C{g',M') and 7rL/(V') G H^{g',L'). Assume first = in 
C{g',M'). Then the corollary follows directly from Proposition 5.10. Consider now 
dip = 1/ 0, where t^l'{v) = 0. Then by Lemma 5.6 (iv) there exists oj G C{g', M') 
such that cL = 0, a; C{g' , M'^^)) and (a;*|'0) ^ 0. We may then apply Proposition 
5.10 to u, so that uj is of the form claimed in the corollary. As {uj*\uj) 7^ 0, a; is a 
singlet representation of the BRST cohomology (cf. Theorem 4.1) and, hence, il) and 
u yield equivalent elements in H'^{g',L'). m 

Theorem 5.12. A necessary and sufficient condition for H^P{g' , L'), p > 1, to be 
non-zero is cither one of the following: 

(i) There exists a vector v G C{g' , M'^-^'i) satisfying l' ^ C{g' , M'^'^'>) and 
u € ^-P+i((7',M'(i)). 

(ii) There exists a vector x G C{g',M'^'^^) satisfying x ^ C{g' , M'^"^^), 
N9^{x) = p-l, dx = and dxe 7^ 0. 

In addition, dim (i?-P+i(c/', M'^^))) = dim (^H^P{g' , L')^ p > 1. 

Proof. Necessary: (i) follows by Corollary 5.3 and Lemma 5.6 (iii). (ii) follows 
from (i) together with Lemma 5.6 (ii) and (iii). 

Sufficient: (i) For p > 1 we use Lemma 5.5. This also gives the last assertion of 
dimensionalities for these cases. For p = 1 we have v G H^{g' , M'^^^). We have two 
possibilities. Either G H^{g',M') or u = dip for some ijj G C{g',M'), ttl'{^) 7^ 0. 
In the first case we have dv^^ ^ from Proposition 5.10, so that we get case (ii) of 
the theorem, which is proved below. For the second possibility we use Lemma 5.4. 

(ii) = and dXe 7^ implies, using that d is linear in the generators of dXe = eV'e 
for some ip^ satisfying linie^oV'c 7^ 0. Proposition 5.8 then gives ttii{i]j) G HP{g' ,L'). 

We finally prove the assertion concerning dimensionalities for the case p = 1. 
Assume first that there exist loi, uj2 G C{g' , M'), with TTL'ii^i), t^l'{^2) G H~P(g' , L') 
and z^i,f2 G H~P^^{g',M'^^^), satisfying vi = duii,i^2 = cL}2 (which is necessary by 
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Corollary 5.3), where vi = U2 mod exact terms. This implies d{uJi — ij02) = — 1^2 = 
d(...), so that by Proposition 5.1, ^^'{101) = tt 11(102) mod exact terms. Consider 
the opposite case i.e. two different vectors i^i and 1^2 give the same element in 
H''^{g' , L'). Write dui = vi and dL02 = 1^2- The requirement that TrL'i^jJi) and 
T^L'{(^2) are equivalent elements in H^^{g',L') now implies ui = L02 + i'' + d{. . .), 
where u' G C{g', M'(^)). Then ui = U2 + dv' . ■ 

Corollary 5.13. dimi^'='=^(5'', L^-) = 1 if /(/i) - /(^u) = 1 and // and —jl — p are on 
the same p-centered Weyl orbit, and dim.H'^^{g' , L'^~) = otherwise. 

Proof. By Proposition 5.10 and Theorem 3.11 we have dimH^{g' , M''^^^) = 1 if 
— = and jjL and —fx — p are on the same p-centered Weyl orbit and 
dim^O(c/',M'(i)) = otherwise. Then dimH^^{g\L'^~^) =dimH^ {g' , M'^'^^) = 1 
(Theorem 5.12). With the help of Proposition 5.10 we can easily construct as in 
Theorem 5.12 (i), which gives the corollary. ■ 

Theorem 5.14. H^P{g',L'^^) = 0,p > 0, if /(/i) -/(^) / p, or iil{p)-l{p) =p and 
p and — p — p are not on the same p-centered Weyl orbit. 

Proof. The theorem is true for p = by Corollary 5.11 and for p = 1 by Corollary 
5.13. Assume the theorem to be true for H^'^ (g' , L'^^) , < q < p — 1 and consider 
q = p. 

Assume there exists u> G such that 7r(a;) G H~P{g',L'^p) ^ 0. Let grad{a) = 
s if s is the largest integer for which a G C{g' , M'^^^). Then there exists u G 
H-P+^(^g' ^M'^^), grad(i/) = 1 (Theorem 5.12). Write v = vi + V2 + - --I'm where 
€ Vi, i = 1,2, . . . ,n, grad(fj) = 1 and Vi are Verma or BG modules of primitive 
weights {pi,fli). Wc have lifii) — l{pi) = /(p) — /(p) — 1 (Proposition 3.15). We may 
assume that v cannot be written as a sum v' + v" where u' ,u" G H~''^~^^{g' , M'^^^) 
and unequal, grad(i^') = grad(z/") = 1, as this would yield two different elements in 
H~P{g', L'^p)- If di^i = for some value of i, then Ui = d{. . .) (Proposition 5.10) and 
clearly — Vi will correspond to the same element lo. Hence, we may restrict to 
with dvi 7^ 0, z = 1, . . . , n. 

Consider now the equation du = using the gradation Ngr. Let z>i be the highest 
order term of Ui and Ngr{ui) = iVj, i = 1, . . . ,n. Let N = max.{Ni}f^-^ and order so 
that Ni = N ioT i e {1,2, . . . ,m}, m < n. Then do(Ei^i)'^i = 0- As doUi G Vi, this 
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equation may only be solved if there exists at least one Vj such that d^Oi € ViOVj. Let 
(f'VMi be the (/-homomorphism Vi i = 1, . . . , n, where Mj are Verma modules 

of the same primitive weight as Vi. (pvMi exists for all i (see the note after Corollary 
3.9). ThendocpvMiih) G M/nMj. This is only possible if cio^y Mi (z>i) G Af^^^^ for alii. 
This implies d(l)vMi{i'i) £ M'^^^ to highest order in Ng^ and that there exists ry^ G M/ 
such that 77i = d(f)vMi{i^i)- If there exists ry^ G -^^^^^ such that r) = dr(^ to leading 
order then d{(f)vMi{t^i)—'ri'i) to leading order, which contradicts d(j>vMi{H) = ^i, where 
is non-exact in M'-^^\ Hence, rii G H~P'^'^{g' , M'^^^,) to highest order. Theorem 
5.12 now asserts that 'KLi4>VMi{i'i) G H~'p^^ [g' , L[) to highest order. The induction 
hypothesis implies — lifJ^i) = p — I and that /Xj and —fii — p lie on the same 
p-centered Weyl orbit. Then — l{p) = p, fi and —fi — p lie on the same Weyl 
orbit (Theorem 3.11 and Proposition 3.15). ■ 

Theorem 5.15. Let p,jleTw be such that p + p/2 and p, + p/2 are regular and p 
and —p — p are on the same p— centered Weyl orbit. Then H'^P{g', L^p) ^ 0, where 
p = l{p) - lip) > 0. 

Proof. For p = the theorem is given by Corollary 5.11 (of. the proof of Theorem 
5.14, where it is shown that p + p + p = implies l{p) — l{p) = 0). For p = 1 the 
theorem follows from Corollary 5.13. We proceed by induction on p. Assume the 
theorem to be true for < l{p) — l{p) <p — 1. We will also assume the following to 
hold to this order of p. Let uj G M^^ such that iiLi^) £ H~^[g\ L^p) fov < q < p—1. 
We then assume dio = 1/1 + 1^2 + ■■ . + Vn with G M^^^^ and grad(i/i) = l,i = l,...,n 
(with grad(...) defined as in Theorem 5.14). This assumption clearly holds for p = 1. 

We now consider p,p such that l{p) — l{p) = p > 2 with p + p/2 and p + p/2 
being regular. Introduce the following notation. For the Verma module M^p we let 
Ml, . . . , M„ denote all submodules such that Mj C M^^-*, Mj ^ Mj^p,, i = 1, ■ ■ ■ , n. 
Denote by {pipi), . . . , (pnPn) their respective highest weights. Let 4>i be a non-zero 
element of Hom<,(Mi, M^p), i = l,...,n. Let Mi,,„i^ = Mi^\J . . .\J Mi^, h. . . . , ik = 
l,...,n and (pi^.^ik be a non-zero element of Homp(Mj^...j^, M^^). Consider now 
uji G Ml with ttl^uji) G H~'P'^^{g\L^^p-^). By Theorem 3.11 and the induction 
hypothesis uji exists. Then dwi = vi + . . . + Vg, where Ui G Mi_j C M^"* (induction 
hypothesis). As grad(z/j)=l we have grad(^i(fi))=2. Therefore, there will exist a 
union of Verma modules, M2„.k say, such that (t)i{ui + . . . + Ug) = 02...fe(K -|- . . . -|- u'^), 
u[ + . . . + v[ G M2...fe. By Lemma 3.17 M2...fe is non-zero and different from Mi. Thus, 
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(f'li^i + • • • + i^s) may either be viewed as originating from an element ui + . . . + i's m 
Ml or from an element + . . . + i^j in M2,,,k- As d{i^[ + . . . + f j') =0, there exists an 
element uj2...k S -^2...fc such that i/J + . . . + = duj2...k (Proposition 5.1). From this 
it follows that d{(j)2...k{u)2...k) — 4'ii^i)) = 0- Define ^ = <t)2...k{'^2...k) — 'Pii^i)-, which 
must be non-zero as Mi ^ M2...k- We now prove that ^ is a non-trivial element of 
H~'P'^^{g\M'^^^), which by Theorem 5.12 proves our assertions for /(/z) — /(/u) = p 
(including the additional induction assumption). 

Assume the contrary, ^ = drj with r/ G -^/i/i • Let ^ = ■^i + • . . ■^fe, where G 
Mj, i = 1, . . . ,k. By construction d^j S ^^t^fi^ i = 1, . . . ,k. If d^i = then the 
corresponding Verma module Mj may be deleted from M2,,,k without affecting the 
construction of ^ (as d^i = implies = d{. . .)). Hence, we may consider d^i ^ 0, 
i = 1, . . . , k. To highest order in the gradation A'^^ the equation ^ = dr] yields 
= ^[^'^ _)_ ___)_ ^(-^^ = doT]^^^ , where ^^^^ and rj^^^ are the leading terms in ^ and 
r], respectively, and ^l^'* denotes the N'th order term of (which is non-zero for at 
least one value of i). Generally, (io7 ^ ^ only if 7 € y for any Verma or BG module 
V. Therefore, ■q^^'^ = r][^^ + . . . r/[,^^ and ^^^^ = d^rlf^^ rj^^^ G Mi i = 1, . . . , fc. This 
implies do^^^^ = and in turn d^j = 0, which is a contradiction. ■ 

Remark 1: Results similar to Theorem 5.15 may be obtained for weights ^ + p/2 
and jl + p/2 being singular, provided the corresponding Verma modules satisfy the 
multiplicity condition of Lemma 3.17. It is clear, however, that this generalization 
does not hold for all singular cases. 

Remark 2: The proof of Theorem 5.15 provides also an explicit method for finding 
the elements of the cohomology for negative ghost numbers. It is the same method 
as was presented in ref 
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